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KINEMATICALLY RESTRICTED PHONON TRANSMISSION IN PARTLY-UNZIPPED
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Abstract. An analysis of the transmission of ‘scalar’ phonons across partially unzipped square and triangular
lattice tubes, assuming nearest neighbor interactions between particles, is presented. The phonon transport is
assumed to involve the out-of-plane phonons in the unzipped portion and the radial phonons in the tubular
portion. An exact expression of reflectance and transmittance for the waves incident from either portions of
the waveguide are provided explicitly, in terms of the Chebyshev polynomials, which leads to the provision of
a simple expression for the ballistic conductance.
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0. Introduction
The rise of nanostructures in technological applications has invigorated a slurry of questions concerning the
nature of thermal transport [7, 18, 3]. The reduced physical dimensions overcome the hurdles of the phonon
mean free path, while new physical processes become crucial in the transport problem [21, 1]. For instance,
the thermal transport across nanojunctions connecting two semi-infinite leads (as thermal reservoirs) is often
ballistic [31, 9, 10, 17, 33]. In general, the nanostructural regime admits transport that is defined in terms of
reflection and transmission of waves, i.e., following the Landauer viewpoint [13]. The problem of transmission
of waves across a junction of two one dimensional lattices is similar to the classical problems in wave mechanics
[5, 16], except that lattice waveguides are quasi-one dimensional. From a practical viewpoint, on the other
hand, during the last decade, several independent experiments have demonstrated the unzipping of tubes into
ribbons at nanoscale. The unzipping of carbon nanotubes [12] creates a junction between two different lattice
waveguides namely a ribbon on the one side while a tube on the other. The analyses involving waveguide
junctions [11, 34] typically involves the nonequilibrium Green’s function to study phonon thermal transport
and energy transmission across atomic junctions [32, 31, 11] paralleling its original electronic form. In this
paper, an analytical treatment to the mechanics of phonons is provided in an, arguably, simplified structure,
taking the interpretation of phonons as lattice waves [14] following the lines of bifurcated waveguides of square
lattice structure [25]. The problem discussed in this paper is shown schematically in Fig. 1(a) and (b) involving
a partly unzipped tube of square and triangular lattices. Overall, the work can be seen as an extension of
the recently present analysis for the honeycomb structures [27] and [28]; the former deals with the electronic
counterpart of the problem and its results have been also reported in popular literature, for example [29].
1. Lattice model
1.1. Square lattice model. Consider a partly unzipped two-dimensional tube of square lattice, denoted by
S}◦ , with N number of rows containing infinite number of particles with unit mass, as shown schematically in
Fig. 1(a). The ‘in-plane’ nearest neighbors, with an equilibrium spacing b, are connected by linearly elastic
identical (massless) bonds with spring constant b2 (see [22] for the relevant scaling). Let Z denote the set
of integers and Znm (for m ≤ n) denote the set of integers {m,m + 1, . . . , n − 1, n}. Let C denote the set of
complex numbers. Let ux,y ∈ C represent the ‘radial’ displacement in the tubular part R and the ‘out-of-plane’
displacement in the unzipped part L ; with sites indexed by (x, y) such that x ∈ Z, y ∈ ZN0 as shown in Fig.
2(a). Suppose that
uix,y(t) = Aa(κi)ye
−iκxx−iωt, (x, y) ∈ S}◦ ,(1)
represents a time harmonic lattice wave which is incident from the tubular part (the right side R of Fig. 1(a)).
In other words, the wavenumber κx ∈ [−pi, pi] is such that the energy is transmitted from R towards L . In
(1), ω denotes the frequency, A ∈ C is constant amplitude, and a(κi) denotes the incident wave mode in the
tubular portion of the structure.
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Figure 1. Schematic of a partially unzipped tube of square (a) and triangular (b) lattice structure, respectively.
For convenience, let ω be defined such that ω:=bω. By virtue of the fact that the equation of motion
is satisfied by the incident wave mode (1), the triplet ω, κx, a(κi) involves the mutually related entities [26].
Following a traditional approach in diffraction theory, a vanishingly small amount of damping is introduced in
the model. Consequently,ω = ω1+iω2,ω2 > 0. Also in the remaining text, the explicit time dependence factor
e−iωt is suppressed. The total displacement field ut, a sum of the incident wave field ui and the scattered wave
field us, of an arbitrary particle in the lattice S}◦ satisfies the discrete Helmholtz equation for all (x, y) ∈ S}◦ ,
away from unzipped half row of vertical bonds,
4utx,y +ω2utx,y = 0 with utx,y = uix,y + ux,y,(2)
where 4 is the discrete Laplacian for square lattice, 4ux,y = ux+1,y + ux−1,y + ux,y+1 + ux,y−1 − 4ux,y.
1.2. Triangular lattice model. Similar to the square lattice, N number of rows of particles with unit mass,
are arranged in the form of one-dimensional lattices, but now these rows form a two-dimensional strip of
triangular lattice T}◦ , as shown schematically in Fig. 1(b) and Fig. 2(b). The in-plane equilibrium spacing
between the nearest neighbors in T}◦ is b and they are connected by linearly elastic identical (massless) bonds
with spring constant 2/3b2 (see [24] for the relevant scaling). As a consequence of the geometric structure of
the triangular lattice, a periodic boundary (associated with a singly rolled strip1) is possible only when N is
an even integer, say 2N (see bar and circle on the right side of Fig. 2(b)). A rectangular coordinate system
is used in this paper, i.e. a replica of T}◦ , denoted by T}◦
R, is juxtaposed with T}◦ (see Fig. 2(b)). The union
of both lattice strips is a rectangular lattice strip (the original construction appeared in [24] and [26] for an
infinite lattice), denoted by R}◦ , with a period b/2 horizontally and
√
3b/2 vertically. Let ux,y ∈ C represent
the displacement, similar to that for the square lattice model, at a site in R}◦ which is indexed by (x, y) ∈ R}◦ .
On the rectangular lattice strip R}◦ , u
i of the form (1) is considered incident from the tubular part (right side
1 The case N = 2N + 1 for periodic boundary condition corresponds to a ‘doubly’ rolled triangular lattice strip and appears to
be less relevant, hence, its analysis is omitted in the paper.
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Figure 2. Partly-unzipped tube (N = 6) of(a) square lattice and (b) triangular lattice.
R of the waveguide as shown in Fig. 1(b)). Without any loss of generality, it is assumed that
a(κi)y = −a(κi)N−y−1, y ∈ ZN0,(3)
as the definition of the incident wave mode on the replica T}◦
R in terms of that on T}◦ . Above choice imposes
an odd reflection symmetry (so it is a ‘manufactured’ symmetry [24]) on R}◦ . Note that the incident wave
mode does not possess any symmetry in T}◦ (since N is even, see Footnote 1, the notion itself does not arise).
The triplet ω, κx, a(κi) correspond to the tubular part for this choice of incidence direction [26]. The total
displacement field ut of an arbitrary particle in the lattice R}◦ (and, therefore, in triangular lattices T or T
R)
satisfies the discrete Helmholtz equation (compare with (2))
4utx,y +
3
2
ω2utx,y = 0, (x, y) ∈ T}◦ ,(4)
where 4ux,y = ux+2,y +ux−2,y +ux−1,y+1 +ux−1,y+1 +ux+1,y−1 +ux−1,y−1− 6ux,y away from unzipped half row
of slant bonds.
2. Wiener–Hopf formulation
The boundaries are such that y = −1 and y = N− 1 are identified as same (shown schematically in Fig. 2),
while the unzipped portion lies along the broken bonds between y = 0 and y = −1 ' N− 1.
2.1. Square lattice tube. The equation of motion at y = 0, y = N− 1 ' −1, is
ω2utx,y = u
t
x+1,y + u
t
x−1,y + u
t
x,y∓1±NH (x) + u
t
x,y±1 − (3 + H (x))utx,y, x ∈ Z,(5)
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where the letter H stands for the Heaviside function: H (m) = 0,m < 0 and H (m) = 1,m ≥ 0. Suppose the
discrete Fourier transform of {um}m∈Z is denoted by uF (see Appendix A.1). In this paper, the symbol z is
exclusively used throughout as a complex variable for the discrete Fourier transform. Equation of motion (5)
on rows y = 0 and y = −1 (accounting for the unzipped portion for x < 0) imply that
−2(u0;+ − u−1;+) = 2(ui−1
F − ui0
F
)− + (h2 + 1)(uF0 − uF−1)− uF1 + uF−2.(6)
Using the identification y = N − 1 ' −1 and the general solution as described in A.1, it follows that uFy =
uF0 (
1−λ−N
λN−λ−Nλ
y − 1−λNλN−λ−Nλ−y), y ∈ ZN−10 . Introducing
vx = ux,0 − ux,−1, vix = uix,0 − uix,−1,(7)
with vF = uF0 − uF−1, it is found that uF0 = vF UN−1/(UN−1 − UN−2 − 1), as well as in the context of (6), −uF1 +
uF−2 '−uF1 +uFN−2 = vF (1 + UN−2 − UN−3 − 2ϑ)/(−UN−1 + UN−2 + 1), where using (45b), ϑ = 12 (4−z−z−1−ω2).2
Finally, using (52), for z ∈ A3
v+(z) + L (z)v−(z) = (1− L(z))Av(κi)δD−(zz−1P ),with v(κi):=a(κi)0 − a(κi)N−1,(9)
is obtained as a Wiener–Hopf equation, using (48), with the kernel L given by L = 2(ϑ− 1)UN−1/(UN − UN−2 − 2),
i.e.,
L =
H UN−1
2TN − 2=:
N
D
=

∏N
j=1(h
2 + 4 sin2
(j− 12 )pi
2N )
r 2
∏N−1
j=1 (h2 + 4 sin
2 jpi
2N )
if N = 2N∏N
j=1(h
2 + 4 sin2
(j− 12 )pi
2N+1 )∏N
j=1(h2 + 4 sin
2 jpi
2N+1 )
if N = 2N + 1
,(10)
Notice that the denominator of L (10) contains factors involving the dispersion relation for a periodic
strip (all modes in the lattice tube of width N) while the numerator contains those due to dispersion rela-
tion for waves in a strip corresponding to unzipped portion of width N [26]. Based on the intuition gath-
ered from the analysis of bifurcated lattice waveguides [25], it can be anticipated that the kernel is L =∏N
j=1(h
2 + 4 sin2 12
j−1
N
pi)/
∏N
j=1(h
2 + 4 sin2 j
N
pi); indeed, this expression reduces to (10) as stated in A.2. Addi-
tionally, using the even/odd mode based factorizations given by [26], from (10),
L =

2TN
2(ϑ+ 1)UN−1
, for N = 2N(11a)
VN
WN
, for N = 2N + 1.(11b)
This completes the Wiener–Hopf formulation for S}◦ assuming incidence of wave modes from the tubular
portion. As N→∞, it is easily seen that L (10) approaches the kernel for a single mode III crack, i.e. h/r , in
infinite square lattice [22].
2.2. Triangular lattice tube. In terms of a more convenient labelling shown in Fig. 2(b), it is required that
uFN = u
F
−N. Due to the manufactured symmetry on R}◦ , i.e., odd symmetry (3) in the choice of the incident
wave mode (1), using same calculation as that described in A.1 except that Q is given (12c), it is found that
uFy = u
F
0
(1 + λ−1)λy − (1 + λ)λ2N−2−y
(1 + λ−1)− (1 + λ)λ2N−2 ;
in particular, uF1 = u
F
0 WN−2/WN−1. Thus, u0;+ and u0;− satisfy the Wiener–Hopf equation (recall Footnote 3
and (56))
u0;+(z) + L (z)u0;−(z) =
1
2
1− L (z)
1 + 2(z + z−1)−1
(qF (z)− (1 + z)u−1,0), z ∈ A,(12a)
where L (z):=1− 1 + 2(z + z
−1)−1
1 + Q − V ,(12b)
2Throughout the paper, ϑ, which itself is a function of z, appears as an argument in the definition of Chebyshev polynomials
[8, 15, 26] (see also Appendix of [26]); it is defined by
ϑ:=
1
2
Q .(8)
3A is an annulus containing the unit circle T in the complex plane that makes the Wiener–Hopf problem well-defined.
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Q (z) =
6− (z2 + z−2)− 32ω2
(z + z−1)
.(12c)
In (12a) (also see the details in (57)),
qF (z) = Aa(κi)0(1 + z)(1 + ג z−1P )δD−( ג zz
−1
P ),(12d)
where ג = ± with the upper sign + (resp. lower sign −) refers to the case when the incident wave mode
possesses odd (resp. even) symmetry on R}◦ , i.e., in addition to (3), it is assumed that
a(κi)y = ג a(κi)−y−1, y ∈ ZN0 .(13)
The details of aforementioned ‘even’ and ‘odd’ modes has been provided by [26].
The Wiener–Hopf kernel (12b) can be simplified to (compare with (11a))
L (z) =
1
1
2 (z + z
−1)
1
2 (z + z
−1)WN − WN−1
2(ϑ+ 1)UN−1
=:
N
D
,(14)
where ϑ, the argument of the Chebyshev polynomials, is given by (8) using the definition of Q for triangular
lattice given by (12c), i.e. ϑ = (3− 12 (z2 + z−2)− 34ω2)/(z + z−1).
Notice that the denominator D of L (in (14)) contains dispersion relations for the odd wave modes in
the tubular portion of the rectangular lattice structure [26]. On the other hand, the numerator N of L
contains dispersion relations for the wave modes in the unzipped portion albeit in the form of rectangular
lattice strip [26]. This is a surprising osbervation in view of the allowance of both even and odd symmetries
in the incident wave mode which are subject to scattering by the edge of unzipped portion. In order to
unearth a subtlety behind this, a key role is played by a well known property of Chebyshev polynomials
of second kind, namely Un(−ϑ) = (−1)nUn(ϑ), and that (using (8)) ϑ(−z) = −ϑ(z). Indeed, N(−z) =
− 12 (z+ z−1)(UN(ϑ(−z)) +UN−1(ϑ(−z)))− (UN−1(ϑ(−z)) +UN−2(ϑ(−z))) = (−1)N( 12 (z+ z−1)VN(z)−VN−1(z))
and D(−z) = − 12 (z+ z−1)(1 + ϑ(−z))UN−1(ϑ(−z)) = (−1)N 12 (z+ z−1)(1− ϑ(z))UN−1(ϑ(z)) which correspond
to dispersion relations for the even wave modes in the tubular and unzipped portions (of the rectangular lattice
structure) [26].
2.3. Incidence from unzipped portion. In contrast to §2.1 and §2.2 discussed so far in this paper, consider
the case when a wave mode is incident from the unzipped portion. The scattering of such a wave (Fig. 1)
occurs due to the ‘new’ bonds placed between the ‘through-crack’. It is assumed that the incident wave has the
form (1), with κx such that the energy is carried towards the tubular side R, while a(κi) is the corresponding
normal mode in the unzipped portion L .
• For the square lattice structrue, using (5), after arriving at an equation similar to (6), the counter part
of (9) is found to be (using the definitions in (48))
v+(z) + L (z)v−(z) = −(1− L(z))Av(κi)δD+(zz−1P ),(15)
• For the triangular lattice structure, note that the odd reflection (manufactured) symmetry continues
to hold. The scattered displacement u at y = 0 satisfies
−3
2
ω2ux,0 = (u
i
x,0 − uix+1,−1)H (−x− 2) + (uix,0 − uix−1,−1)H (−x− 1)
−(ux,0 − ux+1,−1)H (x + 1)− (ux,0 − ux−1,−1)H (x)
+(ux+2,0 + ux−2,0 + ux+1,1 + ux−1,1 − 4ux,0), x ∈ Z.
(16)
Applying discrete Fourier transform on (16), it is found that
2u0;+ + z
−1u0;+ + (1 + z)u−1,0 + zu0;+ = qF (z) + (z2 + z−2 − 4 + 3
2
ω2)uF0 + (z + z
−1)uF1 ,(17)
where (in contrast to (12d))
qF (z) = −Aa(κi)0(1 + z)(1 + ג z−1P )δD+( ג zz−1P ).(18)
The relevant details regarding derivation of qF (18) are provided in (58). This yields Wiener–Hopf
equation (12a) except that qF of (12d) is replaced by (18).
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3. Exact Solution of Wiener–Hopf equation
The multiplicative factors for the Wiener–Hopf kernels (10), and (14), can be constructed easily (see Appen-
dix B for the details). Using L = L+ L−, Wiener–Hopf equations (9) and (15) (resp. (12a)), can be expressed
as L−1+ (z)v+(z) + L−(z)v−(z) = C(z), z ∈ A (resp. L−1+ (z)u+(z) + L−(z)u−(z) = (1 + z−1)−1C(z)). Analo-
gous to the case of infinite lattice [22, 24]4, an additive factorization, C = C+(z) + C−(z), is constructed by
elementary means [19]. It is easy to see that C+(z) and C−(z) are analytic at z ∈ C with |z| > max{R+,RL},
|z| < min{R−,R−1L }, respectively (R± are given (46) in Appendix A.1). It is understood as an implicit notation
that s denotes either case of incidence.
3.1. Square lattice structure. Using (9) for s = R and (15) for s = L ,
C(z) = (
1
L+(z)
− L−(z))Av(κi)(δD−(zz−1P )δs,R − δD+(zz−1P )δs,L ), z ∈ A, ,(19a)
leading to
C±(z) = ∓Av(κi)( 1L+(zP ) − L
∓1
± (z))δD−(zz
−1
P )δs,R ±Av(κi)(L−(zP )− L∓1± (z))δD+(zz−1P )δs,R, z ∈ A.(19b)
Note that v(κi) denotes the expression provided in (9). Invoking the Liouville’s theorem [19, 22], the solution of
the discrete Wiener–Hopf equation is obtained (see C.1). In terms of the one-sided discrete Fourier transform,
v±(z) = C±(z)L±1± (z), z ∈ C, |z| ≷ maxmin {R±,R±1L }.(20)
and the complex function vF = v+ + v− (for z ∈ A) is
vF (z) = AC0
zK (z)
z − zP ,K (z):=
1− L (z)
L−(z)
, C0:=− v(κi)(L−1+ (zP )δs,R + L−(zP )δs,L ) ∈ C.(21)
3.2. Triangular lattice structure. Using (12d) for s = R and (18) for s = L , in the context of the first
paragraph of this section §3,5
C(z) =
1− L (z)
L+(z)
(Aa(κi)0(1 + z
−1
P )(δD−(zz
−1
P )δs,R − δD+(zz−1P )δs,L )− u−1,0),(22a)
which leads to the additive factors
C±(z) = ∓u−1,0L±(z)∓1 ± l−0u−1,0 ±Aa(κi)0(1 + z−1P )
(
L±(z)∓1 − 1L+(zP )
)
δD−(zz−1P )δs,R
∓Aa(κi)0(1 + z−1P )
(
L±(z)∓1 − L−(zP )
)
δD+(zz
−1
P )δs,L ,
(22b)
where l−0 = limz→0 L−(z). As a consequence of the standard application of the Liouville’s theorem [19],
following the results obtained by [24], (12a) yields
u0;±(z) =
L±1± (z)
1 + z−1
(C±(z)∓ l−0u−1,0).(23)
The solution of the discrete Wiener–Hopf equation (12a), in the form of a discrete Fourier transform, is written
as
uF0 (z) = u0;+(z) + u0;−(z) = AC0
zK (z)
z − zP , z ∈ A,with
(24)
C0:=− a(κi)0(1 + z−1P )(L−1+ (zP )δs,R + L−(zP )δs,L ) ∈ C,(25a)
and K (z):=
1
1 + z−1
1− L (z)
L−(z)
, z ∈ A.(25b)
Let the scattered displacement in one type of the slant bonds be given by
vx:=ux,0 − ux−1,−1.(26)
Note that
∑
x∈Z(ux,0 − ux−1,−1)z−x = (1 + z−1)uF0 (z), and therefore, using (26),
(1 + z−1)u0;±(z)± u−1,0 = v±.(27)
Note that the Fourier transform of the second type of slant bondlength is given by (ux,0−ux+1,−1)F (z) = zvF (z).
4(19a) and (19b) can be compared with (2.28b) and (2.29) of [22]
5The odd symmetry of the incident wave on T}◦ is assumed (i.e., − sign in (13)) since the case corresponding to the even
symmetry (i.e., + sign in (13)) can be obtained simply by the substitution zP 7→ − zP .
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Figure 3. (a) <ut (top), |us| (bottom) for square lattice structure with N = 9 and incidence from the tubular
side. (b) Dispersion curves for the wave modes ahead (blue) and behind (black) the edge of unzipped portion.
(c) Comparison of <us and =us between the far-field approximation and the numerical solution on a finite grid
(a). (d) (resp. (e)) provide the plots of |us| and arg us (resp. |ut| and arg ut). The horizontal axis corresponds
to the integral labels for the lattice sites forming discrete rectangles of white bubbles shown in (a).
Figure 4. Illustration for square lattice structure with details same as those in Fig. 2.1 except for the
incidence from the unzipped side.
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4. Scattering matrix
Under the limit ω2 = =ω→ 0 and |x| → ∞, it is easy to see that the far-field can be determined (suitably)
in terms of the propagating waves associated with the two different portions of the lattice strip. Suppose that
the symbol T denotes the unit circle (as a counterclockwise contour if applicable) in complex plane. Based
on the discussion in the paragraphs following equations (10) and (14), the sets of z corresponding to outgoing
(away from edge of unzipped portion) waves are
Z +R = {z ∈ T
∣∣D+(z) = 0},Z −L = {z ∈ T∣∣N−(z) = 0}.(28)
Correspondingly, the sets of zP for the incoming (towards the edge of unzipped portion) waves are
Z −R = {z ∈ T
∣∣D−(z) = 0},Z +L = {z ∈ T∣∣N+(z) = 0}.(29)
Note that #Z +R = #Z
−
R , etc, except at non-generic points corresponding to zero group velocity [5]. Suppose
that the elements of Z +R (resp. Z
−
R ) are indexed
6 by a (resp. a˜) with a range 1 . . . NR = #Z +R , while elements
of Z −L (resp. Z
+
L ) are indexed by b (resp. b˜) ranging from 1 to N
L = #Z −L . Thus, (28) and (29) can be
written as, respectively, Z +R = {za}N
R
a=1,Z
−
L = {zb}N
L
b=1 , and Z
−
R = {za˜}N
R
a˜=1,Z
+
L = {zb˜}N
L
b˜=1
.
4.1. Square lattice structure. The asymptotic expression for the bond lengths (7) between the rows at y = 0
and y = N − 1 ' −1, i.e., v, can be obtained by analyzing (20) with vx = 12pii
∮
T v±(z)z
x−1dz, as x → ±∞.
Indeed, by applying residue calculus, using (19b) and (28), with v(a˜) = v(κi),
vx ∼ Av(a˜)D+(za˜)
N+(za˜)
NR∑
a=1
N+(za)
D′+(za)
zxa
za − za˜ , x→ +∞,
vx ∼ Av(a˜)(−zxa˜ +
D+(za˜)
N+(za˜)
NL∑
b=1
D−(zb)
N′−(zb)
zxb
zb − za˜ ), x→ −∞.
(30)
The asymptotic expression for the corresponding total field is given by vtx = v
i
x + vx. The eigenmodes for a
square lattice waveguide with periodic or free boundary are well known (see also [26] for a systematic catalogue).
Thus, it is required that ahead and behind the edge of unzipped portion
ux,y ∼ A
∑NR
a=1
Aaa(a)yz
x
a , x→ +∞, ux,y ∼ −Aa(a˜)yzxa˜ + A
∑NL
b=1
Aba(b)yz
x
b, x→ −∞.(31)
Comparing (30) with the expression of v (vx = ux,0−ux,−1) based on (31), the coefficients Aa, Ab can be found.
Thus, the total displacement field is given by
utx,y ∼ Aa(a˜)yzxa˜ + A
D+(za˜)
N+(za˜)
NR∑
a=1
v(a˜)
v(a)
a(a)yz
x
a
za − za˜
N+(za)
D′+(za)
, utx,y ∼ A
D+(za˜)
N+(za˜)
NL∑
b=1
v(a˜)
v(b)
a(b)yz
x
b
zb − za˜
D−(zb)
N′−(zb)
,(32)
as x → +∞ and x → −∞, respectively, where v(a˜) = a(a˜)0 − a(a˜)N−1, v(a) = a(a)0 − a(a)N−1 and v(b) =
a(b)0 − a(b)N−1. For the wave incidence from the unizipped portion (corresponding to index b˜), an expression
similar to (32) can be also obtained though the details are omitted. The part (a) of Fig. 3 and Fig. 4 provides
an illustration of the total and scattered displacement due to the partially unzipped tube S}◦ . The dispersion
curves for the portion of the waveguide ahead and behind the unzipped portion are shown in part (b) of the
same figures; the black dots represent the wave numbers in the region R while gray dots represent those in L ,
white dot represents the incident wave. These illustrations of the numerical solution are based on the scheme
summarized in an Appendix of [25]. A comparison between the far-field approximation based on the analytical
solution, i.e. (32), and the numerical solution on a finite grid is shown in the same figures in (c), (d), and
(e), where the displacement of particles located at lattice sites forming a discrete rectangle (shown as white
bubbles in top of part (a)) with two sides aligned with ‘boundary’ of the strips is plotted. Note that the far
field displacement, for any of the lattice waveguides, is dominated by the wave modes in the pass band allowed
by the corresponding dispersion curves as indicated by green dots for the transmitted wave modes and red dots
for the reflected wave modes (also see Fig. 1).
Suppose that the symbol ξ denotes the real wave number in horizontal direction, while η denotes its real or
complex equivalent along the vertical direction. The reflectance (resp. transmittance) is obtained by taking
the ratio of the total energy flux in outgoing wavemodes ahead of (resp. behind) the edge of unzipped portion
vs the energy flux carried by the incident wave mode [5]. With η independent of ξ for a wave mode in the
6For the purpose of the ordering, one possible and easy choice is to associate the index with the dispersion curves labelled
according to increasing values of ω at zero wave number.
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Figure 5. Transmittance T for incidence from tube (left) and the unzipped portion (right),
for N = 9 (top) and N = 10 (bottom). The darker curves for transmittance T correspond to
incident wave with wavenumber lying on the higher dispersion curve. The vertical (frequency)
axis demonstrates the correspondence between dispersion curves for the two sides of the partly
unzipped lattice tube and critical values attained in transmittance.
square lattice tube/lattice strip, ω2 = 4(sin2 12ξ + sin
2 1
2η), ξ ∈ [−pi, pi]. Hence, the group velocity [5] of the
propagating wave with wave number ξ is Vg(ξ):=
∂ω
∂ξ = ω
−1 sin ξ. The energy flux, for instance, for the incident
wave mode is given by
Ei =
∑
y∈ZN−10
|A|2|a(a˜)y|2|Vg(ξa˜)| = ω−1|A|2 sin |ξa˜|,(33)
where ξa˜ = κx > 0 when the wave is incident from the tubular portion while it is < 0 when the wave is incident
from the unzipped lattice strip. The expression for the reflectance and the transmittance (using the far-field
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Figure 6. Reflectance R (left: incidence from tube, right: incidence from the lattice strip)
for square lattice structure, (a) N = 9, (b) N = 10. The critical values attained in reflectance
R correspond to the critical values of the dispersion relation.
expansion (32) for a wave incident from the tubular portion) is given by.
RL←R =
−Vg(ξa˜)−1
|L+(za˜)|2
NR∑
a=1
∣∣∣∣ v(a˜)v+(a)
∣∣∣∣2 Vg(ξ)|za − za˜|2
∣∣∣∣N+(za)D′+(za)
∣∣∣∣2,(34a)
TL←R =
Vg(ξa˜)
−1
|L+(za˜)|2
NL∑
b=1
∣∣∣∣ v(a˜)v−(b)
∣∣∣∣2 Vg(ξ)|zb − za˜|2
∣∣∣∣D−(zb)N′−(zb)
∣∣∣∣2.(34b)
In (34a), the minus sign appears because the group velocity of incident and reflected waves are opposite in
sign.
In the tubular portion (of period N), i.e. S}, it is easy to see that v(a) =
√
1/N2i sin 12ηκe
i(N+ 12 )ηκ with
ηκ = 2κpi/N for a suitable κ [26]. And for the unzipped portion, v(b) = 2/
√
N cos 12η for an appropriate η [26].
After various manipulations, analagous to those applied for the bifurcated waveguides of square lattice [25], it
is found that the reflectance RL←R and transmittance TL←R are given by the following general expressions
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for the wave incidence from the tubular portion (corresponding to index a˜):
RL←R = CRT
∑NR
a=1
D−(za)N+(za)
N−(za)D′+(za)
za˜
(za − za˜)2 ,TL←R = CRT
∑NL
b=1
D−(zb)N+(zb)
N′−(zb)D+(zb)
za˜
(zb − za˜)2 ,
(35a)
where CRT =
za˜N−(za˜)D+(za˜)
D′−(za˜)N+(za˜)
.(35b)
For the wave incidence from the unizipped portion (corresponding to index b˜), it is found that the transmittance
TL→R and reflectance RL→R are respectively given by (35a), i.e. interchange the expressions for incidence
from the tube, with
CRT =
zb˜N−(zb˜)D+(zb˜)
N′+(zb˜)D−(zb˜)
.(35c)
The expression (35a) for transmittance TL←R and its counterpart TL→R is plotted in Fig. 5 with ω as
a variable on horizontal axis, while the expression (35a) for the corresponding reflectance RL←R and its
counterpart RL→R is plotted in Fig. 6 with ξ as a variable on horizontal axis.
Figure 7. (a) <ut (top), |us| (bottom) for triangular lattice structure with N = 5 and incidence from the
tubular side. (b) Dispersion curves for the wave modes ahead (blue), with odd symmetry, and behind (black)
the edge of unzipped portion. (c) Comparison of <us and =us between the far-field approximation and the
numerical solution on a finite grid (a). (d) (resp. (e)) provide the plots of |us| and arg us (resp. |ut| and arg ut).
The horizontal axis corresponds to the integral labels for the lattice sites forming discrete rectangles of white
bubbles shown in (a). N in the plot label refers to Ngrid.
4.2. Triangular lattice structure. Taking the limit ω2 → 0+ and considering |x| → ∞, using (22b), (23),
and (26), further simplification of (27) can be carried out for the incidence from tubular portion (corresponding
to index a˜). As a result the following asymptotic expression holds,
vx ∼ Aa(a˜)0(1 + z−1a˜ )
D+(za˜)
N+(za˜)
∑NR
a=1
1
za − za˜
N+(za)
D′+(za)
zxa ,
vx ∼ Aa(a˜)0(1 + z−1a˜ )(−zxa˜ +
D+(za˜)
N+(za˜)
∑NL
b=1
1
zb − za˜
D−(zb)
N′−(zb)
zxb),
(36)
as x→ ±∞, respectively, where the values of z, corresponding to the outgoing wave modes, that appear in the
summands are elements defined in (28) but borrowing the kernel suited for the triangular lattice.
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Figure 8. Illustration for triangular lattice structure with details same as those in Fig. 2.2 except for the
incidence from the unzipped side.
For the case of incidence from the unzipped portion of the waveguide (corresponding to index b˜), analysis
similar to above leads to the following asymptotic expression (on the lattice T}◦ where x ∈ 2Z at y = 0), as
x→ +∞ and x→ −∞, respectively,
vx ∼ −Aa(b˜)0zxa˜ + Aa(b˜)0(1 + z−1a˜ )
N−(za˜)
D−(za˜)
NR∑
a=1
1
za − za˜
N+(za)
D′+(za)
zxa ,
vx ∼ Aa(b˜)0(1 + z−1a˜ )
N−(za˜)
D−(za˜)
NL∑
b=1
1
zb − za˜
D−(zb)
N′−(zb)
zxb.
(37)
Same as explained above for the case of square lattice, for example (31), the total displacement in the far-field
can be also, directly, represented in terms of the wave modes. Comparing (36) and (37) with the expression of
v (26) (i.e. vx = ux,0−ux−1,−1) obtained by substitution of the normal mode expansion, the coefficients Aa,Ab
can be found. Further, on the lattice T}◦ where x ∈ 2Z at y = 0, the total displacement field in the far-field is
asymptotically given by (with a(κi) = a(a˜)δs,R + a(b˜)δs,R)
7
utx,y ∼ uix,yδs,R + A(
D+(za˜)
N+(za˜)
δs,R +
N−(zb˜)
D−(zb˜)
δs,L )
∑NR
a=1
a(a˜,b˜)0(1 + z
−1
a˜,b˜
)
a(a)0(1 + z
−1
a )
1
za − za˜,b˜
N+(za)
D′+(za)
a(a)yz
x
a ,
utx,y ∼ uix,yδs,L + A(
D+(za˜)
N+(za˜)
δs,R +
N−(zb˜)
D−(zb˜)
δs,L )
∑NL
b=1
a(a˜,b˜)0(1 + z
−1
a˜,b˜
)
a(b)0(1 + z
−1
b )
1
zb − za˜,b˜
D−(zb)
N′−(zb)
a(a)yz
x
b,
(38)
as x → +∞ and x → −∞, respectively, where s = R (resp. s = L ) for incidence from the tubular (resp.
unzipped) portion ahead (resp. behind) the edge of unzipped portion. The part (a) of Fig. 7 and Fig. 8
provides an illustration of the total and scattered displacement due to the partially unzipped tube T}◦ . The
numerical solution of the wave propagation problem is based on the scheme summarized in an Appendix of
[25]. These illustrations of the numerical solution of the wave propagation problem are based on the scheme
summarized in an Appendix of [24] and its analogue for a triangular lattice tube. The dispersion curves for the
portion of the waveguide ahead and behind the unzipped portion are shown in part (b); the red dots represent
the wave numbers in R while green dots represent those in L , the incident wave number is denoted by the big
gray dot. A comparison between the far-field approximation based on the analytical solution, i.e. (38), and
the numerical solution on a finite grid is shown in the same figures in (c), (d), and (e), where the displacement
7In view of Footnote 5, za˜ and zb˜ can be replaced by −za˜ and −zb˜, respectivey, for the case of even symmetry.
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Figure 9. Choice of ξa˜ (ξb˜), so that the group velocity is positive (resp. negative), for wave incident from
the tubular (resp. unzipped) portion shown as black (resp. gray) arrow.
of particles located at lattice sites forming a discrete rectangle (big white dots) with two sides aligned with
‘boundary’ of the strips is plotted. Note that the far field displacement, for any of the lattice waveguides, is
dominated by the wave modes in the pass band allowed by the corresponding dispersion curves in part (b).
The lack of symmetry across ξ = ± 12pi in the dispersion relation of waves ahead of the unzipped portion, i.e.
blue curves, in Figs. 7 and 8 is explained in [26]. Recall the last paragraph of §2.2. It is clear that (with
z = e−iξ) when the wave number ξ is around pi, the numerator N and denominator D of the kernel L exhibit
a different behavior as compared to that around 0. This is clear from the expression of L in (14) as z lies on T
near −1. The dispersion relations for the odd modes in the portion ahead of the unzipped portion and behind
are almost overlapping.
Using (38), for incidence from the tubular portion, the reflectance and the transmittance, respectively, are
given by
RL←R =− Vg(ξa˜)
−1
|L+(za˜)|2
NR∑
a=1
∣∣∣∣a(a˜)0(1 + z−1a˜ )a(a)0(1 + z−1a )
∣∣∣∣2 Vg(ξa)|za − za˜|2
∣∣∣∣N+(za)D′+(za)
∣∣∣∣2,(39a)
TL←R =
Vg(ξa˜)
−1
|L+(za˜)|2
NL∑
b=1
∣∣∣∣a(a˜)0(1 + z−1a˜ )a(b)0(1 + z−1b )
∣∣∣∣2 Vg(ξb)|zb − za˜|2
∣∣∣∣D−(zb)N′−(zb)
∣∣∣∣2,(39b)
where z = e−iξ.(39c)
For incidence from the unzipped the expressions for RL→R and TL→R are respectively interchanged with
TL←R and RL←R and the coefficient appearing in front of the sum contains −|L−1− (zb˜)|2 in place of |L+(za˜)|2.
The expression Vg(ξ) denotes the group velocity [5] of the propagating wave with wave number ξ in the
appropriate lattice strip.
Using the periodic boundary condition (on the tubular side), a(a)0 = −a(a)−1 =
√
1/N sin 12ηκ with ηκ =
κpi/N for an appropriate κ [26]. Similarly, behind the edge of unzipped portion, a(b)0 = −a(b)−1 = c(sin Nηb +
sin(N− 1)ηb), with c−2 = (1 + ϑ)(N + α(αϑ−1)1+α2−2ϑα ), α = 1+cosξ1−cosξ+2ϑ . By reference to (14), D(z) = (z + z−1)(ϑ+
1)UN−1,N(z) = 12 (z+ z
−1)WN−WN−1. Hence, in the expression (36), (assuming that z 6= ±1, ϑ 6= −1,D(z) = 0,
using (61a)) it is found that D′(z) = (z+ z−1)(ϑ+ 1)ϑ′(z)N(ϑ2− 1)−1TN. On the other hand, (while observing
that z 6= ±1, N(z) = 0, using (61a)) it is found that N′(z) = 12z−1(z − z−1)WN + (ϑ− 1)−1ϑ′(cos ξ(N + 12 )(1−
α)UN − (N − 12 )(α − (2αϑ − 1))UN) (using UN−1 = αUN, α = (1 + cos ξ)/(1 − cos ξ + 2ϑ)). For the purpose of
the manipulations presented below, consider ϑ(z,ω), i.e. as a function of z and ω; same consideration applies
to other relevant functions. Thus, treating N(z,ω) = 0 as the implicit definition of the dispersion relation
ω = Ω(ξ) ahead of the edge of unzipped portion (since N(e−iξ,Ω(ξ)) = 0)
0 =
d
dξ
N(e−iξ,Ω(ξ))|e−iξ=z,ω=Ω(ξ) = −izN′(z,ω)|z=e−iξ + Vg(ξ)
∂
∂ω
N(z,ω)|z=e−iξ .(40a)
Similarly, with D(e−iξ,Ω(ξ)) = 0 (corresponding to the dispersion relation in the unzipped portion),
0 =
d
dξ
D(e−iξ,Ω(ξ))|e−iξ=z,ω=Ω(ξ) = −izD′(z,ω)|z=e−iξ + Vg(ξ)
∂
∂ω
D(z,ω)|z=e−iξ .(40b)
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Thus, the following relations are obtained concerning the group velocity of wave modes, ahead and behind the
edge of unzipped portion,
Vg
N′(z)
=
iz
∂
∂ωN(z,ω)
|z=e−iξ ,
Vg
D′(z)
=
iz
∂
∂ωD(z,ω)
|z=e−iξ ,(40c)
respectively. Using (40c), with ∂∂ωQ = − 32 ωcosξ , as well as (39c),
Vg
N′(z)
=
iz
−3ω
2H cos ξ
(cos ξ(N + 12 )(1− α)
− (N− 12 )(1 + α− 2αϑ))UN
,
Vg
D′(z)
=
izH
−3ωNTN ,
(40d)
for the respective pieces ahead and behind the edge of unzipped portion. Then, (39a) implies
RL←R = − Vg(ξa˜)
−1
|L+(za˜)|2N
NR∑
a=1
cos2 12ξa˜
cos2 12ξa
H (za˜)
H (za)
1
za − za˜
1
za − za˜
D−(za)N+(za)
D′+(za)N−(za)
izaHN(za)
3ωTN
= CRT
NR∑
a=1
D−(za)N+(za)
D′+(za)N−(za)
za˜
(za − za˜)2 ,(41a)
CRT =
2
3ω
i
H (za˜) cos2 12ξa˜
Vg(ξa˜)|L+(za˜)|2N .(41b)
Note that 2TN = UN−UN−2, so that when UN−1 = 0, by the relation 2ϑUN−1 = UN+UN−2, it follows that 2TN = 2UN.
Also the identity U2n = 1 + Un−1Un+1 implies U
2
N = 1 when UN−1 = 0, so that TN = UN = ±1. But TN 6= 1 when
D 6= 0 which leaves only one choice. Finally, the expected, and elegant, form of the expression (41a) results.
Similarly, (using (1 + α2 − 2ϑα)U2N = 1) it is found that
TL←R = 2i
sin2 12ηa˜ cos
2 1
2ξa˜Vg(ξa˜)
−1
3ω|L+(za˜)|2N
NL∑
b=1
D−(zb)N+(zb)
N′−(zb)D+(zb)
za˜
(zb − za˜)2
4R
(UN−1 + UN−2)2
cos2 ξbUN−1
cos2 12ξb
(N + α(αϑ−1)1+α2−2ϑα )
(cos ξb(N +
1
2 )(1− α)− (N− 12 )(1 + α− 2αϑ))UN
(41c)
= CRT
NL∑
b=1
D−(zb)N+(zb)
N′−(zb)D+(zb)
za˜
(zb − za˜)2 .(41d)
Indeed, it is easily shown that CRT expressed by (41b) can be simplified to (35b), i.e., the same expression
as that stated by for the square lattice. In fact, by inspection it is clear that the relations (41a) and (41d)
are same as those for the square lattice structure; moreover, for the incidence from the unzipped portion, the
expressions retains the same form (recall (35c) and statement preceding it).
It is worth a non-trivial note that the final expression for R and T for both types of lattice structures
studied in this paper, while accounting for the specific multiplicative Wiener–Hopf factors of the kernel and
their zeroes and poles associated with the outgoing wave modes, is identical to the expression that has been
discovered in the context of a general family of bifurcated square lattice strips by [25]. In particular, with
zP = za˜δs,R + zb˜δs,L , in the first two equations,
Rδs,R + Tδs,L = CRT
NR∑
a=1
D−(za)N+(za)
N−(za)D′+(za)
zP
(za − zP )2 ,(42a)
Rδs,L + Tδs,R = CRT
NL∑
b=1
D−(zb)N+(zb)
N′−(zb)D+(zb)
zP
(zb − zP )2 ,(42b)
CRT =
za˜N−(za˜)D+(za˜)
D′−(za˜)N+(za˜)
δs,R +
zb˜D+(zb˜)N−(zb˜)
N′+(zb˜)D−(zb˜)
δs,L .(42c)
The expression (42a) for reflectance RL←R and RL→R is plotted in Fig. 10 with ξa˜ and ξb˜, respectively, as
a variable on horizontal axis.
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Figure 10. Reflectance for the partly unzipped tube with (a) N = 6 (b) N = 8. The critical point associated
with local maximum of the dispersion curves in the interval (0, 1
2
pi) ∪ ( 1
2
pi, pi) are not shown. The incidence
from tubular portion is assumed for the left plot while it is from the unzipped portion for the right plot. The
direction of increase in the variable ξa˜ (resp. ξb˜) is shown in Fig. 9 with black (resp. gray) curve.
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Figure 11. Conductance G (= GL←R = GL→R) for partly unzipped tube of square lattice
structure: (a) N = 9, (b) N = 10.
Figure 12. Conductance G (= GL←R = GL→R) for partly unzipped tube of triangular
lattice structure: (a) N = 6, (b) N = 8.
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Figure 13. Thermal conductance (on the vertical axis) vs absolute temperature (on the
horizontal axis) in unzipped square lattice tube (a) N = 9, (b) N = 10. The gray curve
represents ballistic conductance.
Figure 14. Thermal conductance (on the vertical axis) vs absolute temperature (on the
horizontal axis) in unzipped triangular lattice tube (a) N = 6, (b) N = 8. The gray curve
represents ballistic conductance.
5. Conductance
Finally, the conductance for the transmission from right to left can be expressed at a given frequency ω as
GL←R =
NR∑
a˜=1
TL←R(43)
which equals that for transmission from left to right given by GL→R =
∑NL
b˜=1 TL→R. Let G denote the common
symbol for both GL←R and GL→R. Note that the sum includes the modes with odd as well as even reflection
symmetry on square lattice structure (illustrated in Fig. 11) and on triangular lattice structure (illustrated in
Fig. 12).
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Figure 15. Thermal conductance relative to ballistic limit vs absolute temperature (on the
horizontal axis) in unzipped square lattice tube (a) N = 9, (b) N = 10.
Figure 16. Thermal conductance relative to ballistic limit vs absolute temperature (on the
horizontal axis) in unzipped triangular lattice tube (a) N = 6, (b) N = 8.
In the case of square lattice, due to the geometric symmetry, the even modes are transmitted without any
scattering across the edge of unzipped portion so that their transmittance is unity. On the other hand, for the
triangular lattice structure the ‘even’ modes are also scattered in the same manner as the ‘odd’ modes. Notice
that this symmetry based classification on the triangular lattice structure is not natural as there is no intrinsic
symmetry on triangular lattice structure. The orange region shown in Fig. 11 and Fig. 12 depicts the ‘gap’
that arises due to the scattering phenomenon at the edge of unzipped portion, so that the conductance is not
completely ballistic.
PHONON TRANSMISSION IN PARTLY-UNZIPPED TUBES 19
For the kinematically restricted phonon transmission in the thermal transport, the thermal conductance GT
[20, 2, 4, 30] is given by (using ω = hearvelω/b [22], and β = ~hearvel/kBTb)
GT =
~
2pi
∫ ∞
0
G(ω)ω
∂f(ω, T )
∂T
dω =
3β3GTQ
pi2
∫ ∞
0
G(ω)
ω2exp(βω)
(exp(βω)− 1)2 dω,(44)
where G is presented above. The expression f(ω, T ) = (exp(~ω/kBT ) − 1)−1 is Bose-Einstein distribution
function [20, 2] for heat carriers in the terminals. Typically GT is expressed in terms of the unit thermal
quantum [20, 2] conductance GTQ = pi
2kB
2T/(3h). Note that kB is the Boltzmann constant, T is the (absolute)
temperature, and ~ is Planck’s constant. For perfect (ballistic) transmission, the expression (44) becomes the
ballistic conductance GT ball. Let GT := GT
GTball
. As illustrations, Fig. 13 and Fig. 14 depict the temperature
dependence of GT , while Fig. 15 and Fig. 16 present the same results in terms of GT for both types of lattice
structures (described in the Figure captions).
6. Concluding remarks
A closed form expression has been provided for the conductance in partly unzipped tubes of square and
triangular lattice, and in fact the same form of expression holds. An exact solution of the wave propagation
problem has been harnessed for this purpose. A provision of the reflection and transmission coefficients using the
Chebyshev polynomials is also one of the main results of the paper. For the approximation of the transmission
properties of certain ‘double’ junctions of the same type, which are separated at a distance, the analysis of
this paper can be extended using the existing framework of scattering matrices for dealing with a combination
of scatterers [6]. The algebraic problem studied in the present paper is also relevant for the analysis of the
electronic energy bands in the tight-binding approximation of the many body Schro¨dinger equation. After
a suitable re-statement for the equivalent problem in electronic, magnetic, and photonic waveguides, with
square and triangular lattice structure, the analysis can be pursued in the same manner. The analysis of
periodic boundary condition, corresponding to a junction formed by partial splitting a tube, in the context of
carbon nano-tubes/nano-ribbons is possible (see for example, [28]). A natural analog to the honeycomb lattice
waveguides (graphene ribbons, i.e. zGNRs) related to the work presented in this paper is published elsewhere
(see for example, [27, 29]) based on the analysis for the infinite lattice [23]. The generalization to the coupling
with in-plane modes of the lattice strip as well as other degrees of freedom of the tubular portion shall be
considered in future elsewhere.
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Appendix A. Auxiliary derivations
A.1. The discrete Fourier transform uFy : C → C of {ux,y}x∈Z (along the x axis) is defined by uFy = uy;+ +
uy;−, uy;+(z) =
∑+∞
x=0 ux,yz
−x, uy;−(z) =
∑−1
x=−∞ ux,yz
−x. Using the discrete Fourier transform, the discrete
Helmholtz equation (2) can be expressed as
Q uFy − (uFy+1 + uFy−1) = 0 on Au,where(45a)
Q (z):=(4− z − z−1 −ω2), z ∈ C,(45b)
for all y ∈ Z inside the lattice structure but away from the boundary. The relevant definition of Au for the
unzipped square lattice tube [25] is
Au:={z ∈ C : R+ < |z| < R−},R± = e∓κ2 .(46)
In above definition, κ2 is the imaginary part of κx.
The square root function,
√·, has the usual branch cut in the complex plane running from −∞ to 0. The
general solution of homogeneous equation (45a) is given by uFy = c1λ
y + c2λ
−y, y ∈ ZN−10 , where c1,2 are
arbitrary analytic functions of z in A (to be specified later) and [25]
λ:=
r − h
r + h
on C \B, h :=
√
Q − 2, r :=
√
Q + 2.(47)
where B denotes the union of branch cuts for h and r such that |λ(z)| ≤ 1, z ∈ C \ B. Using the definition of
Chebyshev polynomial of the second kind, for 0 < n ∈ Z, it follows that λ−n−λn = (λ−1−λ)Un−1( 12 (λ+λ−1)).
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Due to their frequent appearance in the rest of the paper, it is also useful to define
zP :=e
−iκx , δD+(z):=
+∞∑
n=0
z−n, δD−(z):=
−1∑
n=−∞
z−n.(48)
A.2. When N is even, i.e. N = 2N,
L =
∏2N
j=1(h
2 + 4 sin2 12
j−1
2N pi)∏2N
j=1(h2 + 4 sin
2 1
2
j
Npi)
=
∏N
j=1(h
2 + 4 sin2
j− 12
2N pi)∏N
j=1(h2 + 4 sin
2 1
2
j
Npi)
,(49)
and for N (= 2N + 1) odd,
L =
∏2N+1
j=1 (h
2 + 4 sin2 12
j−1
2N+1pi)∏2N+1
j=1 (h2 + 4 sin
2 1
2
2j
2N+1pi)
=
∏N
j=1(h
2 + 4 sin2
j− 12
2N+1pi)∏N
j=1(h2 + 4 sin
2 j
2N+1pi)
.(50)
Appendix B. Wiener–Hopf factorization:
Following [25], assuming that |zF | < 1, zF ∈ C, let F (z; zF ):=z−1F (1 − zF z)(1 − zF z−1), and F±(z; zF ) =
z
− 12
F (1 − zF z∓1). The Wiener–Hopf kernel (10) can be expressed as L = N(z)/D(z) = L+ L−, where L± are
given by
L± =
N±(z)
D±(z)
=
∏N
j=1 F±(z; zFRj )∏N
j=1 F±(z; zFL j )
.(51)
In view of these definitions, let
A:=Au ∩ {z ∈ C : RL < |z| < R−1L },RL := max({|zFRj |}Nj=1 ∪ {|zFL j |}Nj=1).(52)
The function L+ (resp. L−) is analytic, without any zeros, in the exterior (resp. interior) of a disk centered
at 0 in C with radius RL (resp. R−1L ). Also L±(z) = L∓(z−1); ± signs concur in (55).
The details for triangular lattice waveguide are analogous to those presented above for square lattice waveg-
uide (based on [25]). The kernel L (14) is also a ratio of a polynomial N (of z) in the numerator and another
polynomial D (of z) in the denominator. To express succinctly the multiplicative factors for the Wiener–Hopf
kernels (14), a notational device developed by [25] is employed. Thus L = N(z)/D(z), where
N(z) =
∏2N
j=1
F (z; zFNj ) = N+(z)N−(z),D(z) =
∏2N
j=1
F (z; zFDj ) = D+(z)D−(z).(53)
The factor of two appears in the product limits because (8) (with Q defined by (12c)) involves z2 and z−2. For
example, in case of the periodic boundary, i.e. T}◦ , the expressions of N and D (14) can be found to be
N(z) =
N∏
j=1
(6− (z2 + z−2)− 3
2
ω2 − 2(z + z−1) cos j
N + 1
pi)− 2
N−1∏
j=1
(6− (z2 + z−2)− 3
2
ω2 − 2(z + z−1) cos j
N
pi)
D(z) =
N∏
j=1
(6− (z2 + z−2)− 3
2
ω2 − 2(z + z−1) cos 2j
2N + 1
pi),
(54)
which indicates that N and D are polynomials of degree 2N in z + z−1. The Wiener–Hopf factors of N and D
are, respectively, given by N±(z) =
∏2N
j=1 F±(z; zFNj ), D±(z) =
∏2N
j=1 F±(z; zFDj ). Explicit expressions for the
factors L± are
L±(z) =
N±(z)
D±(z)
=
∏2N
j=1 F±(z; zFNj )∏2N
j=1 F±(z; zFDj )
.(55)
In view of above definitions, let
A:=Au ∩ {z ∈ C : RL < |z| < R−1L },RL := max
({|zFNj |}2Nj=1 ∪ {|zFDj |}2Nj=1).(56)
In (55), ± signs concur and it has been implicitly assumed that L±(z) = L∓(z−1). The function L+ (resp.
L−) is analytic, in fact it has neither poles nor zeros, in the exterior (resp. interior) of a disk centered at 0 in
C with radius RL (resp. R−1L ); thus, 1/L+ (resp. 1/L−) is analytic in the same region as L+ (resp. L−).
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Appendix C. Auxiliary derivations
C.1. In particular, J(z):=L−1+ (z)v+(z) − C+(z) = −L−(z)v−(z) + C−(z) = 0, z ∈ A, The function J(z) is
analytic at z ∈ C with |z| > max{R+,RL}, and also at z ∈ C with |z| < min{R−,R−1L }, i.e., in the whole of
the complex plane C, since the two regions overlap in the annulus A, defined in (52). Using (55), and (19b),
as z → 0, L−(z)→ c1, u−(z)→ 0, and C−(z)→ 0, while as z →∞, L+(z)→ c2, u+(z)→ c3 and C+(z)→ c4,
for some constants c1, . . . , c4. Since J(z) is bounded on the complex plane and tends to zero as z tends to 0,
it follows that J ≡ 0.
C.2. Recall that the incident wave is Aa(κi)ye
iκxx on the physical sub-lattice, while the incident wave is
−Aa(κi)N−y−1eiκxx on the ‘replicated’ sub-lattice. In particular, at y = 0 and even x, Aa(κi)0eiκxx holds on the
physical sub-lattice while for odd x, −Aa(κi)N−1eiκxx holds on the ‘replicated’ sub-lattice. As a consequence of
(13), a(κi)0 = ±a(κi)N−1. For the incidence from the tubular portion, using (16), hence,
qF (z) =
−1∑
x=−∞
z−x(uix,0 − uix−1,−1) +
−2∑
x=−∞
z−x(uix,0 − uix+1,−1)
= A
−1∑
xeven,x=−∞
z−x(a(κi)0zxP − a(κi)N−1zx−1P ) + A
−2∑
xeven,x=−∞
z−x(a(κi)0zxP − a(κi)N−1zx+1P )
+ A
−1∑
xodd,x=−∞
z−x(−a(κi)N−1zxP + a(κi)0zx−1P ) + A
−2∑
xodd,x=−∞
z−x(−a(κi)N−1zxP + a(κi)0zx+1P )
= Aa(κi)0(∓z−1P + 1)(1 + z)δD−(∓zz−1P ).
(57)
Similarly, for incidence from the unzipped portion,
−qF (z) =
+∞∑
x=0
z−x(uix,0 − uix−1,−1) +
+∞∑
x=−1
z−x(uix,0 − uix+1,−1)
= Aa(κi)0(1 + z)(1± z−1P )δD+(±zz−1P ).
(58)
C.3. The simplification of (1 + z−1)(u+(z) + u−(z)), stated in (23), is detailed as follows
(1 + z−1)uF (z) = −1
2
Aa(κi)0z
−1
P
(
L+(z)z(
1
L+(z)
− l+0) + 1− (z + 1) + 1L−(z) (l+0z)
)
(δD+(zz
−1
P )− δD+(−zz−1P ))
− 1
2
Aa(κi)0z
−1
P
(
zP (L−(zP )− l+0) + L−(zP )
)
δD+(zz
−1
P )(
1
L−(z)
− L+(z))
+
1
2
Aa(κi)0z
−1
P
(
(−zP )(L−(−zP )− l+0) + L−(−zP )
)
δD+(−zz−1P )(
1
L−(z)
− L+(z)),
(59)
which can be be expanded further and simplified to obtain
(1 + z−1)uF (z) =
1
2
Aa(κi)0z
−1
P
(
(l+0z +
z
z − zP
zP
L−1− (zP )
) +
z
z − zP L−(zP )
)
(
1
L−
− L+)
− 1
2
Aa(κi)0z
−1
P
(
(l+0z +
z
z + zP
−zP
L−1− (−zP )
) +
z
z + zP
L−(−zP )
)
(
1
L−
− L+)
1
2
Aa(κi)0z
−1
P
(
(
z
z − zP L−(zP ) +
z
z + zP
L−(−zP ))zP + ( z
z − zP L−(zP )−
z
z + zP
L−(−zP ))
)
(
1
L−
− L+)
=
1
2
Aa(κi)0z
(
(
1
z − zP L−(zP ) +
1
z + zP
L−(−zP )) + ( 1
z − zP L−(zP )−
1
z + zP
L−(−zP ))z−1P
)
(
1
L−
− L+)
=
1
2
Aa(κi)0z
(z−1P + 1
z − zP L−(zP ) +
1− z−1P
z + zP
L−(−zP )
)
(
1
L−(z)
− L+(z)).
(60)
Appendix D. Chebyshev polynomials
The Chebyshev polynomials, following Appendix A of [26], are: first kind Tn =
1
2 ((ϑ +
√
ϑ2 − 1)n + (ϑ −√
ϑ2 − 1)n), second kind Un = 12 ((ϑ +
√
ϑ2 − 1)n − (ϑ − √ϑ2 − 1)n)/√ϑ2 − 1, third kind Vn = 12 (wn+1 +
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w−n)/(w+ 1), and fourth kind Wn = 12 (w
n+1−w−n)/(w− 1), ϑ = 12 (w+w−1). Several identities involving the
Chebyshev polynomials find applications in the paper. For example, the following are standard relations
T′n = nUn−1, U
′
n = (n+ 1)(ϑ
2 − 1)−1Tn+1, V′n = (n+
1
2
)(ϑ+ 1)−1Wn, W′n = (n+
1
2
)(ϑ− 1)−1Vn.(61a)
Appendix E. Scattering matrix
Ignore the superscript t on ut. Using the analysis presented in the paper for the incidence from the tubular
portion, ahead and behind the edge of unzipped portion, respectively,
ua˜ ∼ ua˜ +
NR∑
a=1
τRR˜aa˜
√
|Vg a˜|
|Vga|
ua, and ua˜ ∼
NL∑
b=1
τLR˜ba˜
√
|Vg a˜|
|Vgb|
ub.(62)
Also for the incidence from the unzipped portion, ahead and behind the edge of unzipped portion, respectively,
ub˜ ∼ ub˜ +
NL∑
b=1
τLL˜
bb˜
√
|Vg b˜|
|Vgb|
ub, ub˜ ∼
NR∑
a=1
τRL˜
ab˜
√
|Vg b˜|
|Vga|
ua.(63)
The general expression for the incident waves is
u = I˜Rua˜ + I˜L ub˜.(64)
The asymptotic form of solution to equation of motion is thus
u→

I˜Rua˜ + I˜R
NR∑
a=1
τRR˜aa˜
√ |Vg a˜|
|Vga|ua + I˜L
NR∑
a=1
τRL˜
ab˜
√ |Vg b˜|
|Vga|ua = I˜Rua˜ + (˜IRτ
RR˜
aa˜
√ |Vg a˜|
|Vga| + I˜L τ
RL˜
ab˜
√ |Vg b˜|
|Vga| , x→ +∞,
I˜L ub˜ + I˜R
NL∑
b=1
τLR˜ba˜
√ |Vg a˜|
|Vgb|ub + I˜L
NL∑
b=1
τLL˜
bb˜
√ |Vg b˜|
|Vgb|ub = I˜L ub˜ + (˜IRτ
LR˜
ba˜
√ |Vg a˜|
|Vgb| + I˜L τ
LL˜
bb˜
√ |Vg b˜|
|Vgb| , x→ −∞.
(65)
Suppose [18]
OR ≡
√
|Vga|O˜R = I˜RτRR˜aa˜
√
Vg a˜ + I˜L τ
RL˜
ab˜
√
Vg b˜ ≡ IRτRR˜aa˜ + IL τRL˜ab˜ ,(66)
and
OL ≡
√
|Vgb|O˜L = I˜RτLR˜ba˜
√
Vg a˜ + I˜L τ
LL˜
bb˜
√
Vg b˜ ≡ IRτLR˜ba˜ + IL τLL˜bb˜ ,(67)
where OR,L ≡
√
|Vga,b,b|O˜R,L and IR,L ≡
√
|Vg a˜,b˜ |˜IR,L are the flux amplitudes. Above defines a linear
relation between the flux amplitudes of outgoing and incoming waves which can be written in a matrix form.
The matrix S, that relates the outgoing flux amplitudes OR,L to the incoming flux amplitudes IR,L , is called
the S matrix [18]. The S matrix is a (NR+NL )×(NR+NL ) matrix. WithO = [O1R · · · ON
R
R O
1
L · · · ON
L
L ]
T ,
I = [I1R · · · IN
R
R I
1
L · · · IN
L
L ]
T
O = SI,where S =
[
τRR˜NR×NR τ
RL˜
NR×NL
τLR˜NL×NR τ
LL˜
NL×NL
]
,(68)
τab˜Na×Nb =
 τ
ab˜
11 . . . τ
ab˜
1Na
...
. . .
τab˜Na1 . . . τ
ab˜
NaNb
 , for all four choices of a, b ∈ {R,L }. As a necessary consequence of the
unitarity of S it follows that
∑NR
a=1 |τRR˜aa˜ |2 +
∑NL
b=1 |τLR˜ba˜ |2 = 1,
∑NR
a=1 |τRL˜ab˜ |2 +
∑NL
b=1 |τLL˜bb˜ |2 = 1, for arbitrary
a˜ and b˜, respectively. The latter has been established as the zero lemma by [25] for the incidence from one
direction (the other case is analogous). Indeed, in the conservative case (ω2 = 0), the principle of conservation
of energy implies that all of the incident energy is scattered completely while getting subdivided in the reflected
waves and transmitted waves. In view of (33), the statement R+T = 1 [25] can be re-written as EiR+EiT = Ei.
Finally, the conductance for transmission from left to right can be expressed in terms of the elements of the S
matrix, at a given frequency ω, as
GL→R =
NL∑
b˜=1
NR∑
a=1
τRL˜
ab˜
τRL˜ ∗
ab˜
= tr τRL˜NR×NL τ
RL˜ †
NR×NL = tr τ
RL˜ †
NR×NL τ
RL˜
NR×NL ,(69)
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which is also equal conductance GL←R from right to left.
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